
Math 564: Advance Analysis 1
Lecture 16

Exaple . For sets I
,
5 (e . g , I=I=5) and counting measures o

on I al J
, resp ., we already know Fubini-Tonelli from basic

analysis :
(a) Towelli : For monnegative (aij)ic1

, jess

Zai; = [aij= Zer"j=5 is I (i
,j1 Ix]

1) Fabini : If laihi
, jezyj

is absolutely summable
,
i
. e .

Zlaiike
,

then (i,=Ixj

=Iai E et""j(i
,j1 Ix]

We'll first prove Fubini-Tonelli for MaN-measurable functions
,
and deduce

the xo-measurable version in HW.

Det
.
For a function fo XxY-Z

,

for xeX
,
call Ex : Y-+ z

, given by yx f(x, y) ,the vertical Fiber/section
of f over x /at x

.

for z6Y S
call = : X-E

, given by x+ f(x,3)
,
the horizontal

fiber/section of f at y

Similarly , for REXxY
,
al x. X, 44Y, call :

Rx = (y GY : (40 , 3) =RL

R3: = 3x =X : (x
, y0) - R)

the vertical al horizontal fibers of R at xo al yo, resp
.



huma
.

Let IX
,
M) and Y, M1 be measurable spaces .

(a) If REMON
,
Den Rx and RY are resp. in and all

,

for all xGX alyeY .

(b) If f : X xY - z ( * N ,1)-meas , where (7 , 2) is a measurable

space , then Ex al to are /N, 1) and Iol , 1)-meas . for all
x X

, ye Y .

Proof (a) Let 5 be the rellection of all REM * N satisfying the

conclusion FxxX al FyeY. Then 5 contains all rectangles
Ax B
,

A cl 1 BeN I

Moreover
,
3 is closed under

otl unious of complements because (YRa) x = VIRa),u

& (RY x =

(Rx)< , i . e . union of complement commute with liber
.

So 3 in a traly · containing all rectangles , Conce S : MON.
(b) This follows from (al because preimage commutes with fiber:

let BE 1
,
then x"(B) = (F(B)) x = N by (a)

.

spaces and let REMON
.
Then

g
:

x + 3 r(Rx)
X - 10

,
03Frieinin n e(*)

g(x) h(y)

Then 3 contains all ectangles R==AxB , simply bease

g(x) = r(Rx) = v(B) · 1q(x) , i . e . g
= v(B) · AA ,

oh (*) by the
lef

.
of May

.

First assume It M
,
rare finite

.

Attempt 1 . It's not hard to dow let t is closed under comp-



lements
.

However
,
otbl unious are difficult . If we could

prove

finite unions
,
then we would get thl unious from thl

increasing unions
,
which we easy to deal with using MCT

.

Finite uniews are still hard beare If Roof R , overlap
Hen ARoVR

.
FARo + AR ,, so can't just appeal to the

linearity of integral .

Attempt 2.
. Note Wat 3 actually contains the finite unious of

rectangles benne they are equal to finite disjoint
unious of rec tangles , so the indicator function is just the
finite sur of indicators of rectangles , heare finite additivity
of measures al linearity of integrals saves the day .
Mus
,
3 contains the oly . A generated by rectangles .

Monotone Class Lemma
.

If 5 contains an algebra A and is closed

under * and
,

then S ? A To
.

By this kama
,
it's enough to chow But 3 is dossel archer

a An .

4 : If R = 3 and Ri= YRn , the h(y) : = M(RY) = M(YR! ) :
=him M(R2)= lin haly)

,
so = limhn here is N-measurable

W U

beae" each he is . (*) for R follows from MCT
.

: If Rae5 al R = = A Ru Ren h(s) : = M(RY)
=M(1R!

=(by knitizen of M = lin (Re) , so h= linka N-measurable
.

14) holds by the DCT
,

"

by the finites of "U .



entici Yet x since
,

the statements hold for each Ru=" R11Xx Yn)
I
so they

hold for R = * Rn by upward monotonicity of measures and

the MCT
.

call a collection 520(X) a monotone class if it is doced under and A.

Example .

The set of boxes in IRd is a montons class
,

but not a walgebra because

it is not closed under complements or otbl (even finitel unious
.
However

,
the monotone

class generated by the finite unious of boxes is a Tralyebra as the following lemma asserts .

Monotone Class Lanna
. Let 5 be the monodore dan generated by an

algebra A .

Men 3 = <Ars
.

Proof
.

It is enough to prove At 5 is an algebra because then

every ctbl union YBn = (
,Y
.

Bil :

Hosedness under complement . Let 2 : = (B = 3 : B = 3)
.

22 A and
C is a movotone class : (↑ Bu)= AB: and (B .

"

: * Bu
W

Kosedness under finite unions
.

For each Be 3
,

let

2(B) =
= (c 5 : Br = 33 .

This is a monotone class : BU( * (n) = (BVCn) al Br(1(a) = A(BVc- ) .

If Ac A
,
U

- 2(A) < A .
Hence &(A)= 3

.
Thus

,
for each BE3

,

C(B)< A
,
so &(B) is the mon ofone clan generated by A ,

i . e
. e(B)= 3

.

therefore
,
for all B

,
C3

,

the union BUC is also in 3 .



Fubini-Towell ; Reorem
.

ht (X
,
M
,
M) and 14

,

N
,
v) be refinite measure spaces and let

f : xxY- R = = /- 0
,
] be an MXJ - measurable function

.

(a)Tonelli . If FC0 , them the funcions g
: xi/Axdr and highffd are respectively

M and I measurable and

((f(x ,x)dv()dM(x) = f = &Mer = ((f(x, y)dM(x)drly) . (*)

b) Fubini
.

If f is ext-integrable , then the functions g
and h las above) are and ~

integrable and () holds
.

Proof
.

(a) This holds simple by linearity al Fabini-tonelli for ats
.

For arbitrary M * IV-measurable f =0
,

write fas an-

increasing limit of simple functions (Su) and apply the
fact tet limits of measurable functions are measurable
and MCT for (&)

.

(b) Part (a) also show l if >O is also integrable, then
g(x) al h(g) me finite for M-a

.
e . xEX 0-a.. YtY,/

by (5) applied to %. Now for any fel XxY, MaNL ,
f = f

+

- F
,

and part Cal holds for ft
,
f
, so linearily gives

the desired conclusion for f
.

Remark
.
All conditions in this theorem are necessary ; examples will be given in HW.

Remark
. Usually , one first applies Towelli to If) to show that f is integrable

,
and

afterwards apply Fubini to f.


